
BNL workshop 2012 

Julius Kuti

University of California, San Diego

New Horizons for Lattice Computations with Chiral Fermions
BNL  May 14, 2012

The Composite Higgs Mechanism 
and the Conformal Window

USQCD BSM 

1

Lattice Higgs Collaboration  (LHC)

with Zoltan Fodor, Kieran Holland, Daniel Nogradi, 
Chris Schroeder, Chik Him Wong



Outline

  
- LHC Higgs search and BSM implications
  focus on SU(3) fermion representation with two flavors

- Two RG based strategies

- New results on the Nf=2 sextet model in the SU(3) color rep

- Cosmology connection 
  (dark baryon matter and  EW phase transition)

- Conformal FSS method

- New results on FSS in the Nf=12 model in the fundamental SU(3) rep

- Outlook
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Atlas and CMS compared (from Vivek Sharma)
For low Higgs mass hypothesis both CMS & ATLAS see 

an excess in event yield over expected background
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ATLAS excess at M ≈ 126 GeV CMS excess at M ≈125 GeV



  What comes at the end of the LHC run?

- light Higgs with non-SM couplings (dilaton?)

- Heavy Higgs, or Higgsless

- SM Higgs (SUSY symmetry breaking?)

- USQCD composite Higgs and SUSY  -  timely efforts
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- Higgsless QCD-like (cutoff Λ to 3 TeV)
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Figure 1.3: Experimental allowed regions and theoretical predictions for the S and T parameters in the Higgsless

SM for 100 < Λ < 3000 GeV (Eqs. (1.3.25)). The experimental allowed regions are chosen as in Ref. [34]. For the

definition of the (0, 0) point see the footnote 1.6. For the theoretical prediction we have used the most updated

value of the top mass mt = 173.3 GeV [35].

of the SM Higgs boson on the Ŝ and T̂ parameters of Eqs. (1.3.26) is exactly to cut-off the
logarithms by substituting the scale Λ with the Higgs boson massmh. In Fig. 1.3 we have plotted
the experimental allowed region in the (S, T ) plane1.6 compared with the theoretical predictions
for Λ < 3 TeV (or equivalently mh < 3 TeV). It is simple to see that the experimental bounds
on S and T imply Λ � 200 GeV that fixes a cutoff for the Higgsless SM of the order of the
EW scale. As we will see in the next section, the same bound can be read mh � 200 GeV for
the SM Higgs boson mass. The plot in Fig. 1.3 only contains the logarithmic contributions of
Eqs. (1.3.25). It turns out that introducing also the finite terms that vanish in the limit mh → 0
the straight line in Fig. 1.3 acquires a slight bending shape slightly changing the limit on the
Higgs boson mass. However, a precise determination of the limits on the Higgs boson mass
requires a global fit to all the EWPO. The result of the global fit is [3]

mh = 90+27
−22 GeV , mh < (145, 149, 194) GeV at (90, 95, 99)% CL . (1.3.27)

1.4 The role of a composite scalar and the fundamental Higgs

boson limit

In this section we generalize the Higgsless SM discussed in the previous section adding a
scalar field, coupled to the SM fields through a general effective Lagrangian. We will see that
for a particular choice of the parameters the scalar coincides with the SM Higgs boson, i.e. can
be embedded with the GBs into a linear doublet of SU(2)L. In this case the Lagrangian will
reduce exactly to the SM Lagrangian.

1.6
The origin of the axes in the (S, T ) plane is chosen in such a way that (SSM, TSM)

���
mh=150 GeV ,mt=175 GeV

≡
(0, 0). All the plots represent deviations from these values.
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S parameter LSD Collaboration, PRL 106:231601 (2011)

Constraint from vacuum polarizations Πµν(Q) of EW gauge bosons

S = 4πND lim
Q2→0

d
dQ2 ΠV−A(Q2)−∆SSM

ΠV−A(Q2)

�

(Linear+chiral log fits to guide the eye)



Standard Model: Charged currents in SU(2)L ⊗ U(1)Y sector

Julius Kuti, University of California at San Diego USQCD Collaboration Meeting, Jefferson Laboratory, April 4 - 5, 2008, 15/19

  Extended Technicolor paradigm:

- requires walking gauge coupling 
  chiral SB on                       scale

- fermion mass generation from   
  scale at  

- can solve problem of flavor changing  
  currents

- composite Higgs mechanism 

- broken scale invariance (Dilaton)             
  light non-SM composite Higgs 
  particle?  
    
- can avoid conflict with EW precision 
  constraints

- candidate models require non-
  perturbative lattice studies

- focus is on composite Higgs
  mechanism 

ΛTC ~ TeV

ΛETC ~ 100 −1000ΛTC

walking coupling 
separates two scales

target of USQCD lattice BSM effort

Chiral symmetry breaking turns 
conformal FP into walking

running coupling

non-conformal QCD-like
far from conformal window

original Technicolor  paradigm 
replaced with sextet SU(3) color rep:

- one massless fermion doublet
  chiral SB

- three Goldstone pions 

- become longitudinal   
  components of weak bosons

- composite Higgs mechanism  
  scale of Higgs condensate ~ F=250 GeV  
  
- flavor changing currents and fermion 
  mass generation would be problems

- conflicts with EW precision constraints?

ΛTC ~ TeV

u
d
⎡

⎣
⎢

⎤

⎦
⎥

important for lattice studies in BSM theory space 

 composite Higgs?  example: Nf=2 SU(3) sextet rep    TC (ETC) language used



Probing technicolor theories with staggered fermions Kieran Holland

Figure 1: The conformal window for SU(N) gauge theories with Nf techniquarks in various representations,

from [3]. The shaded regions are the windows, for fundamental (gray), 2-index antisymmetric (blue), 2-index

symmetric (red) and adjoint (green) representations.

1. Introduction

The LHC will probe the mechanism of electroweak symmetry breaking. A very attractive

alternative to the standard Higgs mechanism, with fundamental scalars, involves new strongly-

interacting gauge theories, known as technicolor [1, 2]. Such models avoid difficulties of theories

with scalars, such as triviality and fine-tuning. Chiral symmetry must be spontaneously broken in

a technicolor theory, to provide the technipions which generate the W± and Z masses and break

electroweak symmetry. Although this duplication of QCD is appealing, precise electroweak mea-

surements have made it difficult to find a viable candidate theory. It is also necessary to enlarge the

theory (extended technicolor) to generate quark masses, without generating large flavor-changing

neutral currents, which is challenging.

Technicolor theories have lately enjoyed a resurgence, due to the exploration of various tech-

niquark representations [3]. Feasible candidates have fewer new flavors, reducing tension with

electroweak constraints. If a theory is almost conformal, it is possible this generates additional

energy scales, which could help in building the extended technicolor sector. There are estimates

of which theories are conformal for various representations, shown in Fig. 1. For SU(N) gauge

theory, if the number of techniquark flavors is less than some critical number, conformal and chiral

symmetries are broken and the theory is QCD-like. For future model-building, it is crucial to go be-

yond these estimates and determine precisely where the conformal windows are. There have been

a number of recent lattice simulations of technicolor theories, attempting to locate the conformal

windows for various representations [4, 5, 6, 7, 8].

2. Dirac eigenvalues and chiral symmetry

The connection between the eigenvalues ! of the Dirac operator and chiral symmetry breaking
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theory space and conformal window 
critically important for composite Higgs
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for each rep BSM interest is below  
conformal window but close to it:

un-particles

USQCD BSM interest

USQCD BSM results of last 12 
months in 3 reps including 
new projects just starting

not in BSM studies
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conformal window but close to it:

un-particles

USQCD BSM interest

USQCD BSM results of last 12 
months in 3 reps including 
new projects just starting

not in BSM studies
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focus of this talk

New extended data set and analysis

arXiv:1205.1878 [hep-lat]
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  our group: mass-deformed theory close to m=0 critical surface and m->0 limit:

- two strategies complement: (1) inf volume conform scaling 
                                  (2) mass-deformed FSS
                                  (1) is used in sextet model

- direct access to effective anomalous dimension 

- similar to tests of RG scaling laws of moments of current correlator functions 
  (in progress)

γ

status of SU(3) Nf=2 sextet model 
minimal composite Higgs model?
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M (L) = M  + cM g1(M  L)

cM(1 loop) = M2/64 2 F2 

M =  0.1350 ! 0.0012

cM=  0.0699 ! 0.014

2/dof= 0.86

fitted volumes:  243" 48, 323" 64, 483" 96 

M (L)  sextet rep with finite volume fit (m=0.003)
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cF(1 loop) = M2/16 2 F2 

F =  0.03727 ! 0.00018

cF=  0.0237 ! 0.0034

2/dof= 0.44

M  = 0.135

fitted volumes:  243" 48, 323" 64, 483" 96 

F (L)  sextet rep with finite volume fit (m=0.003)
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〈Ψ̄Ψ〉L,T = c0 + c1 · g1(MπL, η) fitted η = T /L

〈Ψ̄Ψ〉L,T = 〈Ψ̄Ψ〉(1 − N2−1
NF 2 · g1(MπL, η)) 1 − loop

c0=  0.03238 ! 0.00036

c1=  0.0103 ! 0.0029

2/dof= 3.8

M  = 0.135

fitted volumes:  243" 48, 323" 64, 483" 96 

〈Ψ̄Ψ〉L,T sextet rep with finite volume fit (m=0.003)

mass-deformed theory 
close to m=0 critical surface
inf volume extrapolated chiral and 
conform scaling tests in sextet model

for L·Mπ > 5 one percent level reached

β=3.2

β=3.2

β=3.2
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Ψ
〉

〈Ψ̄Ψ〉 = c0 + c1 · m + c3 · m3

c0=  0.013 ! 0.002

c1=  6.52 ! 0.53

c3=  5.97e+03 ! 4.64e+03

2/dof= 3.82
483" 96 and 323" 64

m range:  0.003  0.008

(1 − m d
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〈Ψ̄Ψ〉 Nf = 2 sextet β = 3.2
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〈Ψ̄Ψ〉 = c0 + c1 · m + c3 · m3

c0=  0.01141 ! 0.00032

c3=  2.2e+04 ! 1e+03

2/dof= 2.99

483" 96 and 323" 64 fitted 

m range:  0.003  0.008

(1 − mq
d

dmq
|conn) · 〈Ψ̄Ψ〉 = c0 + c3 · m3

〈Ψ̄Ψ〉 subtracted Nf = 2 sextet β = 3.2

- two independent determinations of the chiral condensate
- consistently non-vanishing in chiral limit
- all sextet results are treated as inf volume (only m=0.003 is truly extrapolated)

β=3.2
β=3.2

Nf=2 SU(3) sextet chiral condensate



0 0.002 0.004 0.006 0.008 0.01 0.012
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

 m

 M
2

 sextet model Goldstone pion in PCAC channel with quadratic chiral fit

 

 

m fit range:  0.003  0.008

inputs from: 243! 48, 323! 64, 483! 96 

M2 = c
1
 m  + c

2
 m2      =3.2

c
1
=  6.43 " 0.095

c
2
=  48.2 " 15

2/dof= 1.6

24x48 not fitted
32x64 fitted
inf volume point fitted
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sextet model F  in PCAC channel with linear chiral fit 

 

 

m fit range:  0.003  0.006

inputs from: 243! 48, 323! 64, 483! 96 

F  = F0 + c1 m     =3.2

F0=  0.02805 " 0.00052

c1=  3.08 " 0.12

2/dof= 0.87

m fit range:  0.003  0.006

inputs from: 243! 48, 323! 64, 483! 96 

F  = F0 + c1 m     =3.2

F0=  0.02805 " 0.00052

c1=  3.08 " 0.12

2/dof= 0.87

24x48 not fitted
32x64 not fitted
32x64 fitted
inf volume point fitted

β=3.2β=3.2

m=0.003-0.006 range close to chiral log regime?     Nf=2 helps!
     log detection will require even more precise data

Nf=2 SU(3) sextet chiral fits Mπ and Fπ

χSB

the Goldstone boson of TC

setting the EW scale F0
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sextet model Rho meson in cRho4 channel with linear chiral fit  
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 sextet model MHiggs in scPion channel with linear chiral fit 

 

 

m fit range:  0.003  0.008

plotted volumes:  243! 48, 323! 64, 483! 96 

MHiggs = M0 + c1 m

M0=  0.1699 " 0.0077

c1=  22.4 " 1.45

2/dof= 0.48

24x48 not fitted
32x64 fitted
48x96 not fitted

β=3.2 β=3.2

Nf=2 SU(3) sextet chiral fits Mρ and MH

m=0.003-0.006 range close to chiral log regime?     Nf=2 helps!
     log detection will require even more precise data

MH/F0 ~ 6
without disconnected diagram Mrho/F0 ~ 7
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m fit range:  0.003  0.006

F  = cm m1/1+

cm=  0.237 ! 0.024

=  2.13 ! 0.18

2/dof= 2.04

24x48 not fitted
32x64 not fitted
32x64 fitted

   conformal hypothesis breaks down in global fits:

β=3.2 β=3.2

inconsistent large critical exponents γ

large anomalous dimension!

Mrho/F ~ 7

LHC peak shown earlier

inconsistent and large anomalous 
dimension!
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sextet conformal fit: F  residuals 

   conformal hypothesis breaks down in global fits:

large and inconsistent critical exponents γ
are we close enough to the critical surface?
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Other directions
technicolor & Dark Matter:

• lightest technibaryon can be 
  stable by analog of U(1)B

• an initial matter/anti-matter asymmetry gets shared 
among baryons, leptons, technibaryons via 
sphalerons

• can get observed ΩDM/ ΩB easily for ~ TeV scale DM

must be electrically neutral, EW singlets to avoid direct detection
Then leading operators are charge radius and polarizability:

(Chivukula, Barr, Fahri, Nussinov)

B∗B vµ ∂νFµν

Λ2
TC

B∗B FµνFµν

Λ3
TC

ex.) lattice input?,

17Friday, May 4, 2012

from Adam Martin

working on baryon spectrum
dark matter candidate



EW phase transition in sextet Higgs model  - early universe
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sextet model (Kogut-Sinclair)

potential implications in early cosmology

finite temperature 
EW phase transition?

SU(3) gauge theory with sextet fermions

Figure 4: The chiral susceptibility on Nt = 8 and Nt = 12 lattices from [6] and [7] respectively.

to a given Nt = 1/(aT ), β is used to change the temperature and the continuum limit is achieved

via Nt →∞. A thermal phase transition corresponds to a critical βc(Nt) coupling for each Nt which

for large Nt scales according to the continuum β -function; in particular βc → ∞. A bulk phase

transition on the other hand is characterized by critical βc(Nt) couplings which do not scale and for

large Nt approach a fixed value.

As always with any thermodynamics study finite volume effects needs to be under control and

the quark mass needs to be small enough. Since staggered fermions are used the lattice spacing

also needs to be small enough in order to avoid dangerous taste violation effects especially because

the low energy dynamics is very sensitive to the number of massless flavors.

The critical coupling βc was determined in [5] from the peak of the chiral susceptibility on

Nt = 4 lattices for two values of the quark mass. The location of the peaks appear to be mass

independent and is around βc ≈ 6.3, see left panel of figure 3. The Nt = 6 result at the same two

quark masses also from [5] is shown on the right panel of figure 3. The critical coupling moved

to βc ≈ 6.6. On even finer lattices [6], at Nt = 8, the critical coupling moved further, to around

βc = 6.7 with additional small quark masses added, see left panel of figure 4. Again the quark

mass dependence is quite small. Finally the Nt = 12 lattices are preliminary [7] at the moment but

seem to indicate further increase in βc, see the right panel of figure 4. If indeed βc scales with Nt

correctly the located phase transitions would correspond to a continuum phase transition indicating

chirally broken symmetry at zero temperature.

A priori it is not clear how large Nt needs to be in order to be in the scaling regime. Most

importantly the thin link action suffers from possible large taste violation. Unfortunately, these

effects are not quantified yet. One could in principle reduce them by using smeared actions. In any

case a continuum extrapolation is necessary.

6

finite temperature 
EW phase transition?



Nf=2 SU(3) sextet rep summary:



- No inconsistency with        in Nf=2 SU(3) sextet model 

- We find inconsistency with conformal symmetry in all tests 

- The effective anomalous dimension is inconsistent and large γ is in 1-2 range 

- Kogut and Sinclair: looking for finite temperature        phase transition

χSB

χSB



SU(3) gauge theory with sextet fermions
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u = 1/g2

-0.05

0
!~ (u)

!f = 0
!f = 0.5
one loop
two loops

Figure 2: The step scaling function from [4] using fat links for the fermion action only (blue) and fat links
for both the fermion and gauge actions (black). The fixed point is visible again; see the text for more details.

Figure 3: The chiral susceptibility on Nt = 4 and Nt = 6 lattices from [5].

structure with various types of phase transitions and phase boundaries most of which however hap-
pens to be regularization specific and as such an artifact with no consequence to the continuum.
Bulk phase transitions are an example. A careful continuum extrapolation of the findings is hence
again essential.

The thermodynamic study of the Nf = 2 sextet model was initiated in [5]. Using unimproved
rooted staggered fermions in the fixed−Nt approach the Polyakov loop and the chiral condensate
was measured at various quark masses. In the fixed−Nt approach one lattice spacing corresponds

5

- DeGrand et al. find: Nf=2 sextet beta function might have an IRFP zero? 
- uninteresting model with small anomalous dimension ?
  γ < 0.45   controversy is not resolved

SU(3) gauge theory with sextet fermions

0 0.1 0.2 0.3 0.4 0.5

u = 1/g2

-0.05

0
!~ (u)

!f = 0
!f = 0.5
one loop
two loops

Figure 2: The step scaling function from [4] using fat links for the fermion action only (blue) and fat links
for both the fermion and gauge actions (black). The fixed point is visible again; see the text for more details.

Figure 3: The chiral susceptibility on Nt = 4 and Nt = 6 lattices from [5].

structure with various types of phase transitions and phase boundaries most of which however hap-
pens to be regularization specific and as such an artifact with no consequence to the continuum.
Bulk phase transitions are an example. A careful continuum extrapolation of the findings is hence
again essential.

The thermodynamic study of the Nf = 2 sextet model was initiated in [5]. Using unimproved
rooted staggered fermions in the fixed−Nt approach the Polyakov loop and the chiral condensate
was measured at various quark masses. In the fixed−Nt approach one lattice spacing corresponds

5

SU(3) gauge theory with sextet fermions

15 20 25 30 35
u = K/g2 (44)

-2

-1

0

1

2

B
(u

,2
)

0.2 0.4 0.6

u = 1/g2 (44, 64, or 84)

-0.04

-0.02

0

0.02

0.04

B(
u,

2)

thin links 4->8
fat links 6->12
fat links 8->16
2 loops

Figure 1: The step scaling function calculated in [2] (left) with thin links indicating an infrared fixed point.
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The calculatation of the running coupling in the Schroedinger functional scheme using Wilson

fermions was started in [2] for the Nf = 2 sextet model. Using an unimproved (think link) Wilson

action a zero of the step scaling function was measured at one lattice spacing corresponding to

4
4 → 8

4
, see left panel of figure 1. Two more lattice spacings corresponding to 6

4 → 12
4

and

8
4→ 16

4
were then added [3] using an improved (fat link) Wilson action, see right panel of figure

1. The fixed point disappeared with a possible interpretation that the rougher lattice spacing result

was an artifact. The gauge action was the same in the two calculations. However changing not only

the fermion action but the gauge action as well to use fat links resulted in a step scaling function

with a zero for the lattice spacing corresponding to 6
4→ 12

4
, see figure 2. A possible interpretation

is that the absence of the zero previously was the artifact after all [4].

Changing the action and/or the lattice spacing led to results so far which show that discretiza-

tion effects are still there. Clearly a careful continuum extrapolation is necessary with a given

action in order to decide which finite lattice spacing result is the one prevailing all the way to the

continuum. A good check of the procedure would be the reproduction of the 2-loop β -function for

small renormalized coupling, carefully extrapolated to the continuum.

As a cross-check it would be helpful if the running coupling would be calculated in a different

non-perturbatively well-defined scheme. Reproducing the 2-loop β -function for small coupling is

always a good test for any scheme. For larger coupling two schemes can disagree on the value of

the coupling but if a fixed point exist for one scheme a fixed point should exist for the other scheme

too.

2.2 Thermodynamics

Another way of addressing the infrared behavior of the model is studying it at finite tempera-

ture. If chiral symmetry is broken at T = 0 one expects a chiral symmetry restoration temperature

Tc. If the model is conformal in the infrared then as far as chiral symmetry is concerned there

is no phase transition at all for T > 0. Lattice investigations of thermodynamical properties are

complicated by the fact that the lattice system at finite lattice spacing typically has a rich phase
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IRFP re-appearing? 

- We expect: the Nf=2 sextet model with SU(3) color is an interesting 
  candidate for the composite Higgs mechanism 

- But viability requires confirmation, studies of the running coupling, the 
  S-parameter, and composite Higgs physics  

- No inconsistency with        in Nf=2 SU(3) sextet model 

- We find inconsistency with conformal symmetry in all tests 

- The effective anomalous dimension is inconsistent and large γ is in 1-2 range 
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  our group: mass-deformed theory close to m=0 critical surface and m->0 limit:

- two strategies complement: (1) inf volume conform scaling 
                                  (2) mass-deformed FSS
                                  (2) is used in Nf=12 fundamental SU(3) rep

- direct access to some effective anomalous dimension 

- similar to tests of RG scaling laws of moments of correlator functions (in progress)

status of SU(3) Nf=12 fundamental rep 
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Finite Temperature

Our results

The Chiral Condensate
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conformal scaling test with FSS 
heavy use of RG theory

LM = f (x) + L−ωg(x)
x = m1/1+γ L
ω = ′β (g*)
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Deceptions of            FSS behavior:

(a) (b) (c)

Figure 11: Pictures illustrating various physical situations in finite volume. (a) Hadrons in a
large volume, (b) a qq̄ meson in a box of size L ! 2 fm, and (c) quarks in the femto-universe.

7 QCD in finite volume and the femto-universe

In quantum field theory the physical information is encoded in the correlation func-
tions of local operators and these are hence the primary quantities to consider. From
statistical mechanics one knows, however, that certain properties of the system can
often be determined more easily by studying its behaviour in finite volume. The
calculation of critical exponents is a classical case where such finite-size techniques
are being applied.

The questions one would like to answer in QCD are not the same as in statistical
mechanics, but the general idea to probe the system through a finite volume proves
to be fruitful here too. In this section our aim mainly is to provide a qualitative
understanding of what happens when the volume is decreased. Unless stated oth-
erwise, periodic boundary conditions are assumed and the lattice spacing is taken
to be much smaller than the relevant physical scales so that lattice effects can be
ignored.

7.1 Physical situation from large to small volumes

Let us first consider the case where the spatial extent L of the lattice is significantly
greater than the typical size of the hadrons (box (a) in fig. 11). Single hadrons are
practically unaffected by the finite volume under these conditions except that their
momenta must be integer multiples of 2π/L. For multi-particle states the situation
is a bit more complicated, because the particles cannot get very far away from
each other. Two-particle energy eigenstates, for example, really describe stationary
scattering processes. If there are no resonances the corresponding energy values
differ from the spectrum calculated for non-interacting particles by small amounts
proportional to 1/L3 [60–63].
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To see the significance of (3)  and (4) let us consider 
a typical example a lattice of a size of 1 2 fm In thts 
case the m i n i m u m  non-zero m o m e n t u m  2n /L  ts of  
the order of 1 GeV Although it may be debated which 
form should be taken for the form factor, 1 GeV is a 
relanvely large momen tum and the form factor should 
gave a rather strong suppression Therefore in the re- 
gime where the size L ts of the order of 1 fm one could 
expect the n = 0 contribution to be the dominant  term 
in the summat ion  in (3) In  this intermediate regime 
one then expects a finite-size correction to the mass 
of hadrons proportional to 1/L 3 As we saw in fig 1 
the hadron mass data fit the 1 /Z  3 c u r v e  remarkably 
well 

One may add that a 1/L 3 correction is also ex- 
pected for many-parttcle states, on a rather small box 
a hadron is not very different from a two- or three- 
particle (quark)  state (on large boxes the quarks feel 
the effect of the confining force and the 1/L 3 behav- 
lour is not expected) 

Let us illustrate the size effect predicted by ( 3 ), (4) 
by an example appropriate to the numerical  data in 
fig 1 the case of p-meson exchange ( m = 0  77 GeV 
in (4 ) )  for latttce of size up to 20 and an inverse lat- 
tice spacing a - ~ = 2 GeV For the form factor we take 

1 
F(k )  = 1 + 1 09 (k /GeV)  2 '  (5a)  

or 

F(k )  = exia [ - 3 (k /GeV)2  ] (5b)  

In th"e case (5a)  the form factor is chosen such that 
F ( k )  / (k 2 .~ m 2 ) IS very stmtlar to the nucleon elec- 
tromagnetic form factor The case (5b) ts rather ex- 
treme the hadron is extremely soft as a consequence 
of the exponential  decay o f F ( k )  for large momenta  
(the~shape o f F ( k )  itself is similar to the nucleon form 
factor) 

The result for the self-energy 8E for the case (5a) 
is shown (apart from an overall mult iphcattve con- 
stant)  in fig 2a as a functton of the lattice size L One 
sees that the 1/L 3 behavlour  holds up to L ~ 8 In the 
region L >  6, on the other hand, the data are well fit- 
ted by the usual one-particle exchange potential  
exp ( - m L ) / L  (see fig 2b) In fig 3a we show the 
~ffect of p exchange for the case (5b) Here the 1/L 3 
behavlour holds up to L g  16, and the data are not 
fitted so well by e x p ( - m L ) / L  in the region 
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Fig 2 (a) Dependence of self-energy on lattsce size L due to p 
exchange computed with the form factor eq (5a) displaying a 
power-law behavlour at small L (b) Plot of same data as in (a) 
fitted with the Yukawa potentxal exp ( -mL) /L  for a point par- 
ncle (sohd curve) 

6 < L < 20 (fig 3b) This exercise shows that the size 
where the 1/L 3 c o r r e c t i o n  disappears and the expo- 
nenttal correction sets in depends upon the behav- 
tour of the form factor although it would seem nat- 
ural to suppose that the 1/L 3 correction to the masses 
(or masses squared) disappears for sizes L larger than 
about 1 fm, it is easy to think of models in which this 
does not hold and consequently it is possible that the 
asymptotic regtme for an exponenttal finite lattice 
correction starts only for large lattices (e g 1 5-2 fm) 

The argument above produces a power law by tak- 
ing into account modifications of the propagation of 
virtual particles around the latttce through a finite 
extension of hadron wave functions For small lat- 
tices the power law may also be understood In the 
following non-relativistic picture Let us suppose that 
quarks are bound  by some confining potential and let 
ro be the length scale characterlslng the decrease of 
the wave function ~/(r) for large r One may mimic 
the finite-size effect for the wave function by squeez- 
ing the characteristic length ro as r'oocL A steeper 
variat ion of the squeezed wave function then leads to 
an increase of the kinetic energy of the ground state 
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large volume
hadrons point-like 

π exchange ~ exp(-mL)

squeezed wavefunction crossover to femto world

volume dep. ~ 1/L3 

L-1 ·exp(-mL) fit

hadron with form-factor

volume dep. ~ 1/L3 

 

δE = V (nL)
n
∑              hadrom self energy from interaction with images

δE =
1
L3 V̂ (n 2π

L
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n
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
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 for large r in point-like approximation
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 point-like interaction for large L (non-relativistic)

Luscher made it relativistic using field theory

Leutwyler put in the chiral vertices, hence the g(mL) form in chiral PT
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
k 2

 
F(k) = 1

1+ c ⋅

k 2

the size where the 1/L3 correction to the masses disappears and the exponential 
behavior sets in depends on the behavior of the hadron form factor

the size where the 1/L3 correction to the masses disappears and the exponential 
behavior sets in depends on the behavior of the hadron form factor

the characteristic inverse power vs. exponential behavior can 
frustrate at limited lattice sizes the analysis of chiral vs. 
conformal hypotheses 
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Nf=12 SU(3) fundamental rep summary:



- We run in the weak coupling phase

- At fixed coupling and very small fermion mass we see confining potential
  and finite temp         transition

- The effective anomalous dimension γ is not consistent across channels
  can be explaind by scaling violation effects or underestimated errors?
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- Running coupling methods like TPL and SF have problems to control
  systematics 
  no comment on MCRG
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Running coupling problems in 
TPL and SF schemes:

- Running coupling methods like TPL and SF have problems to control
  systematics 
  no comment on MCRG

- We run in the weak coupling phase

- At fixed coupling and very small fermion mass we see confining potential
  and finite temp         transition

- The effective anomalous dimension γ is not consistent across channels
  can be explaind by scaling violation effects or underestimated errors?
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Continuum extrapolation 
on TPL scheme

The systematic error is small in the strong coupling region.

Σ(g2(L), L/a; s)

(a/L)2

2 loop prediction 
in this region is

σ(u = 2.48) ∼ 2.54

s=1.5 step scaling
 L/a=6   -> L/a=9
 L/a=8   -> L/a=12
 L/a=10 -> L/a=15
 L/a=12 -> L/a=18
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Running coupling problems in 
TPL and SF schemes:

no IRFP?

- Running coupling methods like TPL and SF have problems to control
  systematics 
  no comment on MCRG

- We are working on two new running coupling methods with massless fermions 
  using moments of current correlators and wilson flows  both are g(L)

- Difficult decision on the Nf=12 model:  we would probably prefer to
  put all the resources into the sextet model without the community
  controversies at Nf=12

- But sextet project benefitted directly from what we have learned from Nf=12 

- We run in the weak coupling phase

- At fixed coupling and very small fermion mass we see confining potential
  and finite temp         transition

- The effective anomalous dimension γ is not consistent across channels
  can be explaind by scaling violation effects or underestimated errors?
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backup slides



if model had conformal IRFP 
 
two interchangeable RT descriptions?

continuum mass deformed conformal theory is on RT coming 
out of IRFP

I worked out as an example all the details of 3D scalar theory 
(Ising model) with IRFP

textbook material

critical surface (massless) irrelevant 

g2  

m (fermion 

RT massless continuum physics (gapless)
UVF

IRFP 

RT mass deformed 

RT group A RT B

        conformal scaling and scaling violations

f (u1,u2 ,...) = g(u1,u2 ,...) +  b−d fs (b
y1u1,b

y2u2 ...)

 free energy on RT:

 analytic           singular

 y1  > 0 only relevant exponent in our case
 u1  = t ~ m identified,  y1 = ym in Technicolor notation

 y2  controls scaling violations,   leading correction term

 analytic function which can have terms like ~mk are typically sub-leading
 

 RG scaling of 2-point function:

 

G (2) (r,m,u2 ,...) = b−2dG(r / b,bym m,by2u2 ,...)
from  G (2) (r,m,u2 ,...)  e−Mr  asymptotics with M  m1/ym  scaling follows
leading correction to the scaling term should be  mω  where ω = ′β (g∗)
analysis would change with second relevant operator at IRFP!

- analytic terms exists, but no reason to be leading conformal  
  scaling correction

- correlators of composite operators require inhomogeneous RG!
 similarly, in conformal finite size scaling analysis:

ξ / L = f1(x) + L−ω f2 (x)  with  x = Lm1/ym

 correlation length measured in L units

This directly transcribes to hadron masses and Fπ
finite size scaling correction terms require 
very accurate data

 Fisher and  Brezin  worked out most of what we know!

Del Debbio and collaborators
early conform apps



(Mπ
2 )LO = 2B ⋅m + a2ΔB

(Mπ
2 )NLO = (Mπ

2 )LO + (δMπ
2 )1− loop + (δMπ

2 )
m2

+ (δMπ
2 )

a2m
+ (δMπ

2 )
a4

 would require more data

(δMπ
2 )1− loop = [(Mπ

2 )LO + a2 ]2 ln(Mπ
2 )LO

  a2m

chiral logs not reached yet! 
(Nf=8, or Nf=12)  Nf=2 sextet easier reach

  m2

kept   cutoff term in B  see  LO a2 term
  a4

Mπ
2 = c1m + c2m

2   + logs fitted function for all Goldstones 

nucleon states, rho, a1, higgs, ...Mnuc = c0 + c1m +  logs 

(Fπ )LO = F,    (δFπ )1− loop = [(Mπ
2 )LO + a2 ]ln(Mπ

2 )LO    

Fπ = F + c1m + logs fitted function  

 (δFπ )
m2  m,    (δFπ )

a2m
= a2    

kept     cutoff term in F

ψψ = ψψ 0 + c1m + c2m
2+logs chiral condensate 

        Chiral hypothesis         (in)complete analysis on both sides      Conformal hypothesis

Mπ = cπ ⋅m
1/ym ,      ym = 1+ γ

leading conformal scaling 
functional form for all hadron masses 

Fπ = cF ⋅m
1/ym ,       ym = 1+ γ

chiral log regime was not reached in fermion mass range

same critical exponent 

ψψ = cγ ⋅m
(3−γ )/ym + c1m

infinite volume conformal scaling violation analysis ?

conformal finite size scaling analysis and its scaling 
violations ? 

Del Debbio and Zwicky

Asymptotic infinite volume limit has not been reached 
yet in important candidate models for conformal window

Strategy I:  L=∞ extrapolation first and then scaling test in m




